ABSTRACT. We introduce a new type of differentiability, called cofinite Fréchet differentiability. We show that the convex point-of-continuity property of Banach spaces is dual to the cofinite Fréchet differentiability of all equivalent norms. A corresponding result for dual spaces with the weak* convex point-of-continuity property is also established.
In [2] , Bourgain introduced a variation of the RNP, which he called Property (*), but which is now known as the Convex Point-of-Continuity Property (CPCP): X has CPCP if every closed, bounded, convex subset of X has relatively weakly open subsets of arbitrarily small (norm) diameter. More recently, the dualized version, called C*PCP, was introduced in [61: X* has C*PCP if every weak*-compact, convex subset of X* has relatively weak*-open subsets of arbitrarily small diameter. These properties are coming to be viewed as important tools in the study of the geometry of Banach spaces.
Building on the theme of Theorem 1, Deville et al. proved the following result in [4] :
differentiable, dual function <p : X* --> R is densely Fréchet differentiable).
The proof of Theorem 2, as presented in [4] , depends heavily on the separability assumptions, and thus Theorem 2 falls short of providing a complete dual characterization of Banach spaces which have CPCP or whose duals have CPCP. The purpose of this note is to establish such a complete characterization.
The idea for our result comes from an observation made by Namioka and Phelps in [9] : A Banach space X is an Asplund space if and only if every equivalent norm on X is densely Fréchet differentiable. (A similar observation concerning Phelps spaces is made in [4] ). This suggests that a dual characterization of CPCP/C*PCP spaces might be obtained through properties of norms rather than arbitrary continuous, convex functions. To this end, we introduce the following notion of differentiability: DEFINITION 
x).(b) IfX has RNP then every equivalent dual norm on X* is I-cofinitely Fréchet differentiable everywhere.
Thus, suppose X is a Banach space such that X* has RNP, and let || • || be an equivalent norm on X. By Theorem 1, || • || is densely Fréchet differentiable. Corollary 5 then characterizes those points where || • || fails to be Fréchet differentiable as points of 1-cofinite Fréchet differentiability.
Theorem 4 and Corollary 5 will be proven after we fix our notation and terminology. The author wishes to thank Professors V. Zizler and R. Deville for many valuable discussions concerning the material presented herein.
As a norm can never be differentiable, at the origin, in any sense, the expression "differentiable everywhere," when applied to a norm, means everywhere except at 0, which is equivalent to everywhere on 5x, the unit sphere of X.
The open and closed unit balls of X are denoted by llx and #x, respectively. The action of / E X* on x E X will be denoted by (f,x). For purposes of clarity, the dual on X* to a norm, || • ||, on X will often by indicated by || • ||*.
The notation F ^ X means that F is a closed, linear subspace of X. The annihilator of F is the set
A slice of a non-empty set C C X is a set of the form
where/ E X* and a > 0. Recall that C is dentable if it has slices of arbitrarily small diameter. Note that a slice is always non-empty. When discussing dual spaces, the modifier weak* indicates that the corresponding functional(s) are to be taken from the predual, and not from the second dual. For example, the weak*-annihilator of a subspace F ^ X* is the set
In preparation for the proof of Theorem 4, we collect here some necessary basic results. The first two, Lemmas 6 and 7, are due to Bourgain [2] : LEMMA Our next preliminary result was proven in [4] . We sketch a proof here, suggested to us by V. Zizler, which yields an improvement on the quantitative estimates (namely, there is no growth in the diameter control, e). LEMMA 8. Let X be a Banach space, {a) Let C CX be closed, bounded and convex, letf G X*, and letaeR such that inf(/,C) < a < sup(/,C).
Let X be a Banach space with norm || • ||. Then: (a) X has CPCP if and only if for every closed, bounded, convex C C X the identity map id: (C,wk) -> (C, || • ||) has a point of continuity. (Such a point is called a point of weak-to-norm continuity ofC.) (b) X* has C*PCP if and only if for every weak*-compact, convex C C X* the identity map id: (C,w*) -> (C, ||

Then x G Cnf~l(a) is a point of weak-to-norm continuity of C H f~l(ot) if and only if x is a point of weak-to-norm continuity of C. (b) Let C C X* be weak*-compact and convex, let x G X, and let a G R such that inf(jt,C) < a < sup(jt,C). Then f G C C\x~l(a) is a point of weak*-to-norm continuity of C Hx~l(a) if and only iff is a point of weak*-to-norm continuity of C.
PROOF. Sufficiency in both (a) and (b) is immediate. We prove necessity for part (a). The proof for part (b) is similar.
By translating C, if necessary, we may assume a = 0. Let e > 0 and let V be an elementary (hence, convex) neighbourhood of x such that diam V PlC Pif~l(0) < e. Then, by convexity, V D C C K x UK 2 , so for /? > 0,
UpHC C(KiUK 2 )nfl (-l3,l3).
It is now a straightforward homothety argument to show that a (3 > 0 can be chosen sufficiently small so that
from which the result clearly follows.
• Note that Lemma 7 follows easily from Lemma 8 (this proof is substantially different from Bourgain's own proof in [2] ).
Next we have a result which is essentially due to John and Zizler [8] : Then, by homothety and the convexity of # F ±,
and so diamWi ^ \ diamW^ < 2 diamW^. Thus we must show that diamW^ < e/2. Suppose g G W^-By the definition of F, we have that for k = 1,..., m,
and so g G %* H V, and we are done.
(b) The proof of part (b) is essentially the same as that for part (a), using Corollary 10(b), where necessary.
• REMARK. Observe that in the second part of the proof of Theorem 4(a), the a chosen can be arbitrarily close to 1. This means that if || • || is cofinitely Fréchet differentiable at x G Sx, then for every e > 0 and S > 0 there is a finite dimensional F ^ X such that || • \\X/F is e-Fréchet differentiable at x and ||J|| > 1 -8 = \\x\\ -6. This latter condition implies that the translate x+F of the subspace F is nearly tangent to <B X at x. Indeed, if there is an / G *Bx* such that (/,JC) = 1 and/ is a point of weak*-to-norm continuity of fix*, then we can choose F in Theorem 4(a) so that x + F is tangent to (Bx at x, and so ||jc|| = ||JC||. This requires/ to be in both the set of points of weak*-to-norm continuity of *Bx* and the set of functionals which attain their norm in X. The former set is a weak*-dense Çs subset of Sx* (see, e.g., [2] ), while the latter set is norm dense, by the Bishop-Phelps Theorem. It is unknown if these two sets have non-trivial intersection. and convex, hence has a weak*-strongly exposed point, say / [10] . Let x\ be the corresponding strongly exposing functional, so that That is,/ is a point of weak*-to-norm continuity of *Bx* of a very special form, namely, / has arbitrarily small relative weak*-neighbourhoods in #x* determined by just the functionals xo and x\. The proof of Theorem 4(a) then shows that the quotient norm, || • \\X/F, for the space F -span{(/,xo)xi -(f,x\)xo} is Fréchet differentiable at JoThe proof of part (b) is similar. D
